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Whenever an inequality is mentioned in the following two theorems, the
reverse inequality holds in all lattices.

1 Modularity

Theorem 1.1. The following are equivalent for a lattice L:
a. L is modular.

b. Forallx,y,z € L withx >z, x AN (yVz)<(xAy)V z.
c. Forallz,y,z€ L withe <z, xV(yANz)>(zVy) Az
d. (wVz)A(yVz)<(wVz)Ay)Vz foradlw,y,z € L.
e. (wWA2)V(yANz)>({(wAz)Vy)Az foral wy,ze€ L.
f- N5 is not isomorphic to a sublattice of L.

g. The transposition maps ¢, and Yy, are isomorphisms that invert each other
forall a,b € L.

h. Whenever L is finite, a < aVb=aAb<bandaANb<a=b=<aVb for
all a,b € L.



2 Distributivity

Theorem 2.1. The following are equivalent for a lattice L:

a.

b.

L is distributive.

e A(yVz)<(zAy)V(xAz) foralz,y,ze L.

.xV(yANz)>(xVy Az Vz) foral z,y,z € L.

(@Vy)AN@V)AN(yVz)=(xAy)V(eAz)V(yAz) foralzy,ze L.

. Neither N5 nor M3 is isomorphic to a sublattice of L.

L s modular and M3 is not isomorphic to a sublattice of L.
The transposition maps ¢, and ¥, are homomorphisms for all a € L.

Whenever L is finite, the join irreducible and the join prime elements
coincide.



