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Proposition. Let (M,p) and (N,o) be pseudometric spaces. If f : M — N is an isometry, then it is
continuous.

Proof. We aim to establish an alternate phrasing of the notion of continuity, namely that f is continuous at
x € M if, for all € > 0, there exists § > 0 such that

[T By(z,6) C Bo(f(2),€).
Given € > 0, take 6 = € and let zg € B,(z,€). Observe first that f(zo) € f~ B,(x,€) by definition. Now,

xzo € By(z,e) = plz,z0) <€
= o(f(z), f(zo)) <e€ (f is an isometry, so o(f(z), f(z0)) = p(z, x0))
= f(zo0) € Bo(f(x),¢€).

Thus, we have established that f~B,(x,€) C B,(f(z),€), and so f is continuous. O
Proposition. If || -|| is an F-pseudonorm on a vectorspace V, then d(z,y) = ||x — y|| defines a metric on
V.

Proof. We verify each of the three properties of metrics.

Claim. d(z,y) > 0 for all x,y € V with equality if and only if x = y.

Proof. For all z,y € V, we have that d(x,y) = ||« — y|| > 0 by definition of F-pseudonorm. Furthermore,
dz,y) =0 < |lz—yl[=0

& z-—y=0 (as || - || is an F-pseudonorm)

= T=Y.

Claim. d(z,y) =d(y,z) for allx,y € V.
Proof. For all x,y € V,

d(z,y) = ||z —yl|
==y — )|
<|=1]|ly — || (as || - || is an F-pseudonorm)
= ||y — z||
=d(y,x).

Similarly,

d(y, =) = |ly — |
= -1z -yl
<|=1]|lz =yl (as || - || is an F-pseudonorm)
= ||z —yl|
=d(z,y).

Hence, d(z,y) = d(y, ). O



Claim. d(z,z) < d(x,y) + d(y, z) for all z,y,z € V.

Proof. For all z,y,z €V,

d(z,z) = ||z — |
= [|lz + (=1 2)||
<|lz+yl|+]ly+ (=12 (as || - || is an F-pseudonorm)

= [z + yl| + [ly — 2|

<lle+ 1l +I=1-y)+yll+lly—=z]  (as ||| is an F-pseudonorm)
=[x —yll + [ly — 2|

=d(z,y) + d(y, 2).

O
Therefore, d is a metric on V| as desired.
Proposition. (Problem 2C1) Let (M, p) be a pseudometric space. The relation ~ defined on M by
x ~y if and only if p(x,y) =0

18 an equivalence relation.

Proof. We verify each of the three properties of equivalence relations.

Claim. ~ is reflexive. That is, for all x € M, x ~ x.

Proof. For all x € M, p(x,z) =0, as p is a pseudometric. Hence, z ~ x. O

Claim. ~ is symmetric. That is, for all x,y € M, x ~ y implies y ~ x.

Proof. For all x,y € M,

z~y = pla,y) =
= p(y,z)=0 (p is a pseudometric, and so is symmetric)
= y~zx

O

Claim. ~ is transitive. That is, for all x,y,z € M, x ~y and y ~ z together imply x ~ z.

Proof. For all x,y,z € M,

x~yandy~z = p(z,y)=0and p(y,z) =0
= p(z,z) =0 (p is a pseudometric, so p(x,2) < p(z,y) + p(y, 2))
= T~z
O
Therefore, ~ is an equivalence relation on M, as desired. O

Proposition. (Problem 2C2) If M* is the set of equivalence classes in M under the equivalence relation ~
and if p* is defined on M* by

p*([z], [y]) = p(z,y),

then p* is a well-defined metric on M*. (The metric space (M*,p*) is called the metric identification of
(M, p).)




Proof.

Claim. p* is a well-defined function on M*.

Proof. Let xg, 21 € [x] € M* and yo,y1 € [y] € M*. As 2y ~ x1 and yo ~ y1, we have
p(xo,x1) = p(yo, y1) = 0.

Now,

p*([zol, [yol) = p(0,90)

< p(xo, 1) + p(x1,Y0) (p is a pseudometric, so we have the triangle inequality)
< plxo,x1) + p(x1, 1) + p(Y1,Y0) (p is a pseudometric, so we have the triangle inequality)
=< p(xo, z1) + p(z1,y1) + p(Yo, y1) (p is a pseudometric, and so is symmetric)
= p(z1,91)
= p*([x1]; [ya])-
Similarly,
p*([xa], [n]) = p(@1,41)
< p(z1,20) + p(z0, Y1) (p is a pseudometric, so we have the triangle inequality)
< p(x1,x0) + p(x0,Y0) + P(Yo, Y1) (p is a pseudometric, so we have the triangle inequality)
=< p(xo, z1) + p(zo,y0) + p(Yo, Y1) (p is a pseudometric, and so is symmetric)
= p(x0,0)
= p*([zo], [vo])-
Hence, p*([zo], [yo]) = p*([x1], [y1]), and so p* is a well-defined function on M*. O

We proceed by verifying each of the three properties of metrics for p*.
Claim. p*([z],[y]) = 0 for all [x],[y] € M* with equality if and only if [x] = [y].
Proof. As p is a metric, it is non-negative, and so p* is non-negative. Now, for all [z], [y] € M*,

pr([z],[y]) =0 < pz,y) =0

& T~y
& [z] =y (equivalence classes are either disjoint or they coincide).
O
Claim. p*([z], [y]) = p([y], [z]) for all [z],[y] € M*.
Proof. For all [z], [y] € M*,
p*([x], [y]) = p(x,y)
= p(y, ) (p is a pseudometric, and so is symmetric)
= p*st([y], [z])
O
Claim. p*([z], [2]) < p*([z], [y]) + p"([y], [2]) for all [z],[y], [2] € M™.
Proof. For all [z],[y], [2] € M*,
p*([z], [2]) = p(x, 2)
< p(z,y) + p(y, 2) (p is a metric, so we have the triangle inequality)
=p"([=], [y]) + P (W], [2])
O



Therefore, p* is a well-defined metric on M*, as desired. O

Definition. A normed linear space is a real linear space X such that a number ||z||, the norm of x, is
associated with each z € X, satisfying

(1) ||z|| > 0, and ||z|| = 0 if and only if = 0;
(i) Ilaal| = lal - [|2]), for all a € R;

(i) |l + gl < [l]| + [lyl]-

If (i) is replaced by the weaker condition
(i7) llzll = 0 and [[0]| = 0,

then X is a pseudonormed linear space.

Proposition. (Problem 2J2) If || -||1 and || - ||2 are pseudonorms on the same linear space X, they give the
same open sets (i.e. are equivalent) if and only if there are constants C and C' such that ||z||1 < C - ||z]|2
and ||z||2 < C" - ||x||1, for all z € X.

Proof. (=) For any x € X, define

B1(0,r) = {z € X | ||z[|s <r}
By(0,r) = {z € X | ||z||]2 <7}

Now, as Bi(0,7) is open with respect to ||- |1, it is open with respect to ||-||o by hypothesis. Hence, there is
€3 > 0 such that By (0, e5) C By (0,7). (Simiarly, we can find e; > 0 such that B (0,e;) € By(0,7).) (I fail to
see the next step. The chosen ¢; give some open ball contained in the larger ball, but there is no guarantee
that any « in, say, By (0,7) can be found in By(0, €3), so I cannot make any claim about ||z||2.)

(«=) Let U be open with respect to || - ||1. That is, for all z € U, there exists ¢ > 0 such that

Bi(x,€) C U,
where the subscript “1” denotes that distance is computed using || - ||. Now,
€Bya. ) = lle—vll< g
T, — T — —
Y 2 5 Yll2 C
€ .
= lle—ylh<C- 5  (since [l —ylly < Cllz —yll2)
= lz—ylh <e
= y € Bi(x,¢)
= Ba(e, ) C Bile,e)
C
Hence, U is open with respect to || - ||2. Similarly, all sets open with respect to || - ||2 are open with respect
to || - [|1, and so || - |1 and || - ||2 are equivalent. O



