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Homework 2

Problem 6
Derive a list of equations that follow from the equations axiomatizing the theory of groups.

Claim 1. The distinguished element 1 in a group is the unique identity.

Proof. Suppose that there exists another identity element 1’. Then

1=1.1"=1
O
Claim 2. The element x~1 is the unique inverse of the element z.
Proof. Suppose that z has another inverse x’. Then
=2"1=2" (zz7 V)= @'z)z =127t =271
O
Claim 3. (zvy) '=y lz7!
Proof. (zy)(y lz ™) =a(yy Nz t=z-1-27 =2zt =1 O
Claim 4. z"z* = g"t*
Proof. x"a* = (z---2) (- 2)= g---x =a"Tk O
~—— S——
n times k times n + k times
Claim 5. (z")~! = (z~ )"
Proof.
() = (z---x) (@2
—_—————— ——
n times n times
— (x e x)(xx_l) (x_l .. .Jj_l)
——
n-1 times n-1 times
— (x...x).l.(x_l...x_l)
—— —_———
n-1 times n-1 times
= (I...I)(xil...xil)
——
n-1 times n-1 times
=gz !
=1
O
Problem 7

The five equations used to axiomatize groups are not all needed. Find a simpler set of equations that
will serve.

We take only the following equations for our axiomatization of groups. For all elements x, y, z in the algebra
A = <Aa Yy _17 1>

o x(yz) = (zy)z



From these, we derive the following.
Claim 6. 27 'z =1

Proof.

l=a""2
O
Claim 7. 1.z =z
Proof.
12z =(zz Yz
=z(z"'2)
— 1
O
Problem 8

State and prove a version of the isomorphism theorem from class that holds for algebraic systems gener-
ally, not just for groups.

Theorem 1. (The Second Isomorphism Theorem) Let A be an algebra and let © and ® be congruence
relations on A such that © C ®. Then <I)/@ is a congruence relation on A/@ and

A
/<I>/®— 4

Proof. Define h : A/@ — A/q) by
h(%g) = &g for all a € A
Claim 8. h is well-defined.

Proof. Suppose /g = b/@. Then (a,b) € © C ®, and so &g = b/(b. O
Claim 9. h is onto A/q).

Proof. Let &/g € /. We see that h(4/g) = /. O

Claim 10. h is a homomorphism.



Proof.
WY Vo) = h(®g)
- ab/q)
=4 - b/q)
= h(vg) - h(Ve)

Claim 11. Ker(h) = 24

Proof.
(V. Vo) € Ker(h) & h(%g) = h(%)
« ="
< (a,b) € @
Hence

Ker(h) = {(¢/g,%) | (a,0) € ®}
- ‘I)/@

O

A
Now, by the Homomorphism Theorem, there is an isomorphism between 7 S)% o and A/(I), that is

A
/@/6— B

O



