Math 704 Homework 9

Austin Mohr
March 31, 2009

Problem 1
Suppose f is defined on R? as follows
an fn>0n<z<n+ln<y<n+1
flzyy) =4 —a, fn>0n<z<n+ln+l<y<n+?2
0 otherwise

o0
Here a,, = Z b, with {bx} a positive sequence such that Z b = s < co.
k<n k=0

a. Verify that each slice fY and f, is integrable. Also, for all x, fR f2(y)dy = 0, and hence [ (f]R (z,y) dy) dzx
0.

Proof. Observe that for 0 <y <1

ag if0<z<1
fo(x) = .
0 otherwise
and forn <y <n+1withn>1
G, fn<z<n+1
flz)=q —an_1 fn—-1<zx<n
0 otherwise

Also, for alln >0

an ifn<y<n+1
fo(y) =4 —a, ifn+1<y<n+2
0 otherwise
all of which are step functions, and hence measurable. We will compute the values of their integrals as they

are needed. These values will turn out to be finite, and so the slices will be shown integrable.
Let n <z <n+ 1. We have

/fz(y)dy:/ andy""/ —andy
R [n,n+1] [n+1,n+2]

= 0an — an
=0

[ ([

and so f, is integrable and

(o)

-/
s



b. However,

ifo<y<1
Ji V(@) dy = Lo
p —Gp_1 fn>1n<y<n+1

Hence, y — fR fY(x)dx is integrable on (0, 00) and

Jo (J f (@ y)dw) dy = s
Proof. Let 0 <y < 1. From our definition of f¥(z) in part (a), we have

/Rfy(x)d:v = /[0)1] apdx

:ao

Similarly, if n <y <n+ 1 with n > 1, we have

/fy(x)dz:/ —an_lder/ andx
R [n—1,n] [n,n+1]

=0anp — ap-1

Hence, for every y, fY is integrable. Now, Tonelli’s Theorem gives that y — fR f¥(z)dz is measurable.

Furthermore,
/ (/ f(w,y)dx) dy = / (/ fU(x dx) dy
R \JR
= / (/ fY(x dx) dy
n—0 [n,n+1]
-y (/ (an—an_l)dy>
n—0 [n,n+1]
= Z(an - an—l)
n=0
=3
where we define the term a_; to be 0. O

c. Note that [ p |f(z,y)|dzdy = oo
Proof.

AxR|f(x,y)|dxdy=A(/R|f(x7y)dx) dy
= /R (/(0700) If(x,y)ld:c> dy

> / ( / aodx> dy (since {a,} is a monotone increasing sequence)
R (0,00)

=0



Problem 2
Suppose f is integrable on R?. For each a > 0, let E, = {x : |f(z)| > a}. Prove that

Jea 1f(@)|dz = [ m(Eq)da
Proof. Observe first that, for fixed a > 0,

Eo={z : [f(z)] > a}
={z:a>f(x)>—-a}

Since f is integrable, it is measurable, and so F, is measurable. Now,

/000 m(E,)da = /000 </Rd XE, (t)dt) do
= /Rd </O<>0 XE., (t)da> dt (by Tonelli’s Theorem)

1£ (B
/ (/ 1da> dt (since xg, = 0 for a > | f(t)] for fixed ¢)
R \Jo

- / (b))t
Rd

Problem 3
Consider the convolution

(f *9)x /fa:—

a. Show that f * ¢ is uniformly continuous when f is integrable and g bounded.

Proof. Let g(x) < M for all z. We have

‘fR T —y dy‘<MfR|f:E— y)| dy < oo

Let € > 0. We know |/ — flli — 0 as h — 0 (from a previous homework). Hence, we can find § > 0 such
that || fn — f[l1 < 47 whenever h < §. Now

d d
|(f * g)(z1) — (f * g)(z2)| = [z —y)g(y)dy — / f(w2 —y)g(y)dy
R R

d
/R (Fla1— ) — f(z2 — 9)aw)dy

Perform the change of variable u = x5 — y to get

d d
/ (f (u— (21 — x2)) — f(u))g(—u — w2)du| < / [f(u— (21 — 2)) — f(u)llg(—u — z2)|du
R R

d

SM/ f(u — (21 — 22)) — f(w)|du
R

= MHfIl—I’z - f||1

Now, [|fz,—«, — flli < 37 whenever |21 — x| < §. Since § was arbitrary, we see that f * g is uniformly
continuous. O

b. If in addition g is integrable, prove that (f * g)(z) — 0 as |z| — oc.



Proof. Since both f and g are integrable, we have that f * g is integrable. By a previous homework, we know
that an uniformly continuous, integrable function tends to 0. Therefore, (f * g)(z) — 0 as |z| — oo. O

Problem 4
Let E C [0,1]

1 for almost every = € [0,1]. Prove
that m({y € [0, 1]

x [0,1] be a measurable set. Assume that m(E,) < %
|

m(EY) =1}) < 1.

Proof. First, let F denote the subset of [0, 1] where m(E,) < 3. We have that m(F) = 1. By a corollary of
Tonelli’s Theorem, we know that

Next, let G denote the set {y € [0,1] | m(EY) = 1}. By the same corollary as before, we have

m(E) = m(EY)dy
(0,1]

ZLm@WM

:/1dy
G

=m(G)

From the previous observation, we know that m(E) < 1. Therefore, m(G) < 3, as desired. O

Problem 5
Let f € L'(R) and define for h > 0

o) = 5 [0 S (0)dt
Prove that ¢y, is integrable and ||¢4||; < ||f|l;-
Proof. Define F(t,x) : R x R — R so that
F(t,x) = f(t)xa(t,z), where A= {(t,x) | xt —h <t<z+h}

Now, A is the intersection of a closed half-plane and an open half-plane, so A is measurable. Furthermore,
f € L', so f is measurable. Taken together, we have that F(¢,x) is measurable. Now

Jo F(t,z)dt =[5 f(#)dt < oo

x



and so

|\¢h||1=/\¢>x dz

/\ / (t)dt|dx
/\ /F (t, z)dt|dx

— F(
_Qh//| (t,x)|dt)dz

F(
2h//| (t,)|dz)dt

= 5 [ 2rteyae

=/R\f )t

=[£Iy

(by Fubini’s Theorem)

(since F(t,x) =0for t ¢ [x — h,x + h))



