Austin Mohr
Math 704
Homework 7

Problem 1
a. For m(FE) < oo, show that

L>(E)C L"(F) C LP(E) C L'(E)
where 1 < p < r < co. Show, for E = (0, 1], by example that all the inclusions can be strict.
Claim. L*(E) C L"(E)

Proof. Let f € L*™°(F). We have that f is measurable and, for some M, |f(z)| < M almost everywhere on
E. Hence

|f(@)]" < M"
[ 1@l < Mrm(e)
: < o0
Hence, f € L"(E).
To see that this inclusion is strict, consider the function f = -4 on E = (0,1]. We see that f is

x2r

unbounded, so f ¢ L*°(FE), but

r 1"
/\f(x)| d:c:/ +—| dx
E E|T2r
1
:/ | dx
E|X2
=2
< o0
so felL". O

Claim. L"(E) C L?(E)

Proof. Let f € L"(E). We have that f is measurable and ([, |f(ac)|rdx)% < 00. Now, let n = 7. Observe

that L = 2 < 1, so there exists a number ¢ so that 1 + % = 1. Let g(x) = (f(x))P for all z. We show that

g € L"(E). Since f € L"(FE), f is measurable, and so g = f? is measurable. Furthermore,

[ larde = [ 1@y as
- [ @
< 0

We also see that the constant function 1 is in LY(E), since 1 is measurable and

/|1|qda::/d:v
E E

= m(E)

<0



Next, apply Holder’s Inequality to g - 1 to obtain

[E|g<x>-1|dx§ gl 1111,

(f g<w>|"dx)i(/E|1|de);

< 00
Since [, [g(x) - 1|dx = [ |f(z)|Pdx, we have that f € LP.

To see that this inclusion is strict, consider the function f = -4 on E = (0,1]. Observe that f is

x

3

measurable. Now, we see that f ¢ L"(E), since

r

1
[ras= [ | a
E Elz?F
17’
:/ —| dx
E|T
=00
Now,
1 p
/|f|pd:v:/ —| dz
E Elzr
1
:/ 7 | dx
Blar
< 00
since 2 < 1. Hence, f € LP(E). O

Claim. LP C L!

Proof. As in the previous proof, but replace every occurrence of “r” with “p” and every occurrence of “p”
with “1”7. Similarly, this inclusion is strict. O

b. Show that in general (i.e., if m(E) = o)
L*NL'CcCIPCL®+L'={f:f=g+h,ge L>® he L'}
Claim. L*NL' C L?
Proof. Let f € L N L'. We know that |f| is bounded (say by M) and integrable. It follows that

[ 1swde = [ 1fsp-tas

< MPt / |f|da
E
< 00
Therefore, f € LP. O
Claim. L? C L>* + L!
Proof. Let f € LP. We know that [, |f[Pdz < co. Observe that

E={z:|f())" <1} u{z:[f(@)" =1}



Define the function g to be f restricted to {z : |f(x)|P < 1} and the function h to be f restricted to
{z : |f(z)|? > 1}. First, observe that that f = g + h with g and h both measurable. Next, we see that
g € L, since |g(z)| < 1 for all z in its domain. Finally, if we denote {z : |f(z)|? > 1} by H,

[ m@ldz = [ 17(@)ds
< /H |f (@) Pda

P
s[wan da
< o0

Hence, h € L. O

Problem 2
Let f € L?([0,1]). Prove that

(f[m] a:f(x)dx)z < [ [F(@)Pdz

Proof. Observe first that the function x is in L?([0, 1]), since x is measurable and

/ z|? da = / rdx
[0,1] [0,1]

1

3
< 0

Now,

2

(/[0’1] xf(x)dx) = /[0)1] xf(z)dx
< ( /H Ixf(fc)ldfc>

< (2l 11 (@)1l,)? (by Hélder’s Inequality)

- <</E|x|2dx>é</E|f(z)|2dac>%>2
= /H jof2d /H £ (@) de

1 )
= /H f () 2de




Problem 3
Let E be a measurable set of finite measure and let 1 < p < co. Assume f, € LP(E) such that |[f,|[, <1
and f,(z) — 0 almost everywhere. Prove that ||f,||; — 0.

Proof. By Egorov’s Theorem, we can find, for any ¢y > 0, a subset A, of E with m(E \ A¢,) < €o so that
fn — O uniformly on A.,. This implies that, for any € > 0, there is an N so that for all n > N,

/ |fn|dx§/ edx
A A

€0 €0
=em(Ae,)
< em(E)

Hence, [, |faldz — 0.
€0

For the remainder of the domain, observe that

/ |fn|dac:/ | faXm\a,,
E\A. E

0

dzx

Since 1 < p < oo, we can choose ¢ so that % + % = 1. We already know that f,, € LP(E) for all n. In order
to apply Holder’s Inequality, we need that x g\ A, € Li(FE). This is true since

/‘XE\AF qdm</ |1|%dx
E 0 E
dzx

).

=m(FE)

< 00

Applying Holder’s Inequality, we see that

/ \fn|da::/ |faXE\a,, dz
E\A, E

< fall, [|xE\A,

q

q
g\
= / ‘XE\AeO dd?

E

q
= ()
E

= (m(B\ Ag,))7

< HXE\AEO

Since m(E \ A.,) can be made arbitrarily small, we conclude that |’ B\A | fnldx — 0. Taken together with
€0
the fact that [, |f,|dz — 0, we have that ||f,||; — 0. O
€0



Problem 4

Let f, — fin LP, 1 < p < oo, and let {g,} be a sequence of measurable functions such that |g,| < M
for all n with g, — g almost everywhere.
a. Prove [[(gn — 9) f[|, — 0.

Proof. Observe first that

(o~ 71, = [ 1(on - flpdx>:
— ([ 190 - aplsrac)’

The proof proceeds by establishing the hypotheses for the Dominated Convergence Theorem. Define F,, =
lgn — g|P|fP. Now, f € LP implies that f is finite almost everywhere. Taken with the fact that g, — ¢
almost everywhere, we have that F,, — 0 almost everywhere. Next, observe that, since |g,| < M and g, — ¢
almost everywhere, |g, — g| < 2M almost everywhere. Define the function G = (2M)P|f|P. We see that
|Fp| < G almost everywhere and G is integrable (since f € LP). It follows that

Jim [1g, - g’ fPdo = tim [ Fda
= / nlgrgo F,dx  (by the Dominated Convergence Theorem)
=0
Therefore, ||(g, — g) f[l, — 0. O
b. Prove g, fn, — fg in LP.
Proof.

llgnfn — fall, = llgnfn — f9+ gnf — gnfll,
=[(gn —9)f + (fa = Flaull,
< lgn = 9 I, + 1I(fn = Fgnll,
< l(gn = ) Il + II(fn = FIM]],,
= l(gn — 9)fIl, + M| fn — flI,

The first term goes to 0 by part (a) and the second term goes to 0 by the assumption that f, — f in LP.
Hence, g, f, — fg in LP. O



