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PROBLEM 25.
(1) Let I and J be ideals of a commutative ring R with I +.J = R. Prove that IJ =1NJ.
(2) Let I, J, and K be ideals of a principal ideal domain. Prove that I N (J + K) =
INJ+INK

Proof. 1) Let © € IJ. Then x = z; + x; where x; € I and z; € J. Therefore, since I and
J are ideals, by definition, z;z; € I and z;2; € J. Thus, IJ C I N J.

Let x € INJ. Since I +J = R, then 1 = i+ j where i« € [ and 7 € J. Then
x =1z = (i+ j)xr =iz + jx and therefore, z € IJ. So, INJ CIJand IJ=1NJ. O

PROBLEM 26.
Let R be a commutative ring and I be a proper prime ideal of R such that R/ satisfies
the descending chain condition on ideals. Prove that R/I is a field.

Proof. Since [ is a proper prime ideal of R, R/I is an integral domain. Now, pick a € R/I
with a # 0, and consider the ideal generated by a. Since R/I satisfies the descending chain
condition, we have

(a) 2 (a*) 2 (a*) D+ D (a*) = (") =+

So we have a® = ba**! for some b. Now, since R/I is an integral domain, we see that
ba*™! —aF = 0 and so ba = 1. Thus b= a"!, and so R/I is a field. O

PROBLEM 27.

Let R be a commutative ring and [/ be an ideal which is contained in a prime ideal P.
Prove that the collection of prime ideals contained in P and containing / has a minimal
member.



Proof. Let F be the set of all prime ideals that contain I and are contained in P. Let C be
chain of prime ideals in F' ordered by O. Observe that NC'is an upper bound. Furthermore,
I CNC C P. We claim that NC' is indeed a prime ideal of R.

We see that 0 is an element of every prime ideal in the chain, so 0 is an element of NC.

Let a and b be elements of NC. We have that a and b belong to every prime ideal in
the chain, so a + b and —a belong to every prime ideal in the chain. Hence, a + b and —a
belong to NC.

Let a be an element of NC' and r an element of the ring R. We see that a belongs
to every prime ideal in the chain, so ra and ar belong to every prime ideal in the chain.
Hence, ra and ar belong to NC'.

Let ab be an element of NC'. We see that ab belongs to every prime ideal in the chain.
Hence, either a or b (or both) belongs to every prime ideal in the chain. Since the chain
is ordered by DO, every prime ideal contains a or every prime ideal contains b (or both).
In other words, we cannot have prime ideals P; and P; with P, O P;, a € P, # b, and
a ¢ P; 5 b. Hence, either a or b (or both) belongs to NC.

The preceeding observations imply that NC' is indeed a prime ideal of R. By Zorn’s
Lemma, we conclude that F' has a minimal element (i.e. a maximal element with respect
to D). O

PROBLEM 28.

Let X be a finite set and let R be the ring of functions from X into the field R of real
numbers. Prove that an ideal M of R is maximal if and only if there is an element a € X
such that M = {f | f € R and f(a) = 0}.

Proof. To prove the first direction, let X = {zy,29,...,2,}, R ={f | [ : X — R}.
Without of loss of generality, let a =27 € X, let M = {f | f € R and f(z;) = 0}. Now,
we show that M is a maximal ideal. Clearly, M is a proper ideal of R. Let I be an ideal of
R such that M C [ and M # I. Then there exists f; € I, fi ¢ M. So, fi(z1) # 0. Now,
define f; for2<i<n,1<j<nby

(1 if =i
fi(xi)—{o it j#1i
Then, fi(z1) =0fori=2,...,n. So, fi(xr) € M C I for i =2,...,n. Now, let

_ Nz
-~ fila)

Notice that h(z) =1 for all x; € X. Therefore I = R. This means that M is an maximal
ideal of R.

h(x) +hoa)+ ot fule) €T



To prove the other direction, Let M be a maximal ideal of R. Assume that for all z; € X,
there exists g; € M, such that g;(z;) # 0. Now, define h;(z) fori =1,... ,nandj=1,...,n

by
L ifi=3
() — gi () tJ
ha(z;) { 0 ifj£i
Then, h;(z)g;(x) € M fori=1,...,n. Let
¢(x) = hn(2)g1 () + ha(2)g2(x) + - + hn(2)gn(x) € M.

Also, notice that ¢(z) = 1. This means that M = R. This is a contradiction. Therefore
our assumption must be false. So M C {f | f € R and f(a) = 0} for some a € X. Since we
already showed that the right set is a maximal ideal. So, M = {f | f € R and f(a) = 0}.
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