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PROBLEM 21.
Prove that Aut(S,) = 5, for every natural number n.

Proof. Let o € S, and define f(7) = oro~! for all 7 € S,. We claim that f is an
automorphism of S,: for all 7,6 € S, we have f(70) = ordc™! = (o7071)(0d0™!) =
f(1)f(5). So f is a homomorphism. Now, f(7) = f(0) & o100 = oo™ & 7 =4 so
f is one-to-one. Also, for all 7 € S, there exists o0~'ro € S,, such that f(oc7'70) =

o(c7'r0)o™! = 7. So, f is onto. Hence, f is an isomorphism from S, to S,; i.e. f €

Aut(S,)

Now, let ® : S, — Aut(S,). By using ®, = f to denote ®(0) = f, we have O, (7) =
oro~! for all 7 € S,,. Also, ® is a homomorphism: Let 7 € S,,. Then for all 0,6 € S,, we
have @,45(7) = (0)7(00) ™t = 0010 to™! = 0®s(7)0™ ! = O, (Ps(T)) = D, 0 Ps(7).

Claim: ® is one-to-one.

o € ker ®
o, =1Idg,
O, (7) =1d(1) Vr € S,

oro t=71Vres,

te

or =710 VT €5,

Since S, is the group of permutations, the identity is the only element in S,, that commutes
with every element in S,. So, ker® = {1}. Therefore, ® is one-to-one. Since both S,
and Aut(S,) are finite, it follows from ® begin one-to-one that ® is onto. Thus ® is an
isomorphism. It follows that Aut(S,) = S,. O



PROBLEM 22.
Let p be a prime number. Prove that if @ and b are elements of the symmetric group .S,
where a has order p and b is a transposition, then {a,b} generates S,.

Proof. Let a,b € S, and let b be a transposition. Without loss of generality, let b = (0 1).
As a has order p and p is prime p, we have that a is p-cycle. Therefore, a* = (0 1...)
for some k. We can re-index the other elements so that we have a®* = (0 1...p —1). Let
c=a* Then cbc! = 01...p=1)01)(p—1...01) = (0)(12)(3)...(p — 1) = (1 2).
By induction, we have c*bc™® = (" tbe™ 1)t = (k + 1 k + 2). Therefore, we have
that (0 1),(12),....(p —2 p — 1) are generated by {a,b}. Let (zy) be a transposition.
Then (x z+1)(x+1 2+2)---(y—1 y) = (x y) and (z y) is also generated by {a,b}. As
every permutation can be decomposed into transpositions we conclude that {a, b} generates
Sp- O

PROBLEM 23.
Let H < G. Prove that Ng(H)/Cg(H) is embeddable into Aut(H).
Proof. We begin by recalling the definitions of Ng(H) and Cq(H).

Ne(H) = {9€G|gH =Hg}
= {yeG|H=gyHg '}

Cq(H) = {9€G|gh=hg forall he H}
= {g€G|h=ghg " forallh € H}
Now, define a map h : Ng(H) — Aut(H) by h(n) = ¢, for each n € Ng(H), where we have

©n(h) =nhn=! for h € H. Since ¢, acts on H by conjugation, we see that ¢, € Aut(H).
Claim: h : Ng(H) — Aut(H) is a homomorphism. Let a,b € Ng(H). We have

h(ab) = ©aw
= Pa¥b
= h(a)h(b)

Claim: ker h = Cg(H). We have

kerh = {n|¢n,(h)=~h forall he H}
= {n|nhn'=h forallhec H}
Ca(H)



By the isomorphism theorems, we now have Ng(H)/Cq(H) = im h < Aut(H) which is
what we wanted to establish. O

PROBLEM 24.
Let G be a group of order n. Define ¢ : G — G by ¢(a) = a3t for all a € G. Prove
that ¢ is an automorphism of G.

Proof. First, we show that a” =1, for all a € G. Let a € G and |(a)| = m. By Lagrange’s
Theorem, |{a)| divides |G|, i.e. m | n. Let n = mq for some ¢ € N. Then a" = ™ =
(a™)4 = 1. Now, p(a) = a3+ = ¢+ . g = (¢")"*3 . g = 1.4 = q, for all a € G.

Therefore, ¢ is the identity map from G to G. So, ¢ is an automorphism of G. m



