Austin Mohr
Math 701
Homework 1

For the following problems, let

A= <Aa *’i>
B = <Bv Di)

be algebras with r-ary operations for each ¢ in some indexed set I. Then, we have the algebra
A xB=(AxB,*;)
where

*i((@0,b0), - ., (@r—1,br-1)) = (*i(ao, ..., ar—1),0;(bo,...,br_1))
witha; € Aand bj € Bfor 0 <j <r—1.
Problem 3

Prove that the congruence relations of A are exactly those subuniverses of A x A which happen to be
equivalence relations on A.

Proof. (=) Let © be an equivalence relation on A. Define the algebra T = (T, ;) for all i € T where
T ={(a,d) | a,ad’ € A,aOd'}

It is clear that 7' C A x A and defines an equivalence relation (since © is an equivalence relation). To see
that it preserves *;, let (ag,ay), ..., (ar—1,a._;) € T. Then, for each i € T

*i((ag,ap), ..., (ar—1,0al_1)) = (*i(ag, ..., ar—1),*i(ab, ..., al_1))
Now, since © is a congruence relation, we have that
*;(a0, ... ar—1)0 % (ag, ..., ah_q)

and so

(%i(ag, ... ar—1),*i(ab,...,a._1)) €T

(<) Let E = (E,%;) for all ¢ € I be an algebra where
E ={(a,d') | a,a’ € A, a is equivalent to a’}
and so E is a subuniverse of A x A. Define the relation ©
a®d’ if and only if (a,a’) € E.

It is clear that © is an equivalence relation (since E' is an equivalence relation). To see that © preserves *;,
suppose agOay,...,a,_10al._;. Then, (ag,ap),...,(ar—1,a._;) € E. Hence, for all i € T

*i((ag,ap), ..., (ar—1,0al_1)) = (*i(ag, ..., ar—1), *i(ah, ..., al_1))
Since F is closed under x;, we have that
(*:(ao,...,ar—1),%;(ag,...,a._1)) € E
and so
ki (ag, ..., ar—1)0 *; (af,...,al_4)
O

Problem 4
Prove that the homomorphisms from A to B are exactly those subuniverses of A x B which are functions
from A to B.



Proof. (=) Let h: A — B be a homomorphism. Define the algebra H = (H,%;) for all i € I where
H ={(a,h(a)) | a € A}

It is clear that H C A x B and defines a function from A to B (namely h). To see that it preserves *;, let
ag,...,a._1 € A. Then, for each i € I

*i((ag, h(ag)), ..., (ar—1,h(ar—1))) = (x;(ag,...,ar—1),0;(h(ag), ..., h(ar—1)))
= (*i(ao,...,ar—1),h(Oi(ao, . ..,ar_1)))
eH

(<) Let F = (F,x;) for all i € I be an algebra where
F={(a, f(a)) | a € A}

for some function f : A — B (and so F is a subuniverse of A x B). Since F is an algebra, we have for
ag,...,a,_1 € A and for each i € T

*i((ao, f(a0)) -, (ar—1, f(ar-1))) = (xi(ao, - .., ar-1),0i(f(ao), ..., flar-1))) € F

and so

f(xilao, - .. ar—1)) = Bi(f(ao), - - -, flar-1))
In other words, f is a homomorphism. O
Problem 5

Prove that the projection functions associated with A x B are homomorphisms.

Proof. Define

m:AxXxB— A
mo(a,b) =a forallac Aand be B

Now, let ag,...,a,_1 € Aand by, ...,b._1 € B. Then, for each i € I,
o (*i((ao, bo), - - -, (@r—1,br-1))) = mo((*i(ao, - .., ar—1),T;(bo, . . ., br-1)))

=#;(ag,...,ar—1)
*i(m)((ao, bo))7 e ,7r0((a,,1, brfl)))

Similarly, define

m:AxB— B
mi(a,b) =bforalla € Aand b€ B

Then, for all : € T
71 (xi((ao,bo), - - -, (ar—1,b,-1))) = m1((*s(ao, - . ., ar—1),04(bo, ..., br—1)))

Di(bOa RN brfl)
0;(m1((ao, b0)), - - s m1((ar—1,br-1)))



