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Problem 2

Let {X,, |n=1,2,...} be a sequence of random variables with
1 1
— 31 — —
Proposition 1. For the sequence described above,
P{ lim X, :0} —1.
n—oo

Proof. Let A, be the event that X, is nonzero. Formally,
A, ={we Q]| X,(w) #0}.

We see that
P(4,)=1-P{X =0}
- (o-3)
_ 1
n?’
and so

Thus, by Borel-Cantelli,

n—oo

P([Anio]) =P <hm sup An) =0.
By taking complements, we have

1=P (hm sup A;)

n— o0

= P (lminf[X, = 0]),

n—oo



and so
P(hm ano) —1.

n—oo

O

Proposition 2. For the sequence described above, lim,,_, o E(X,,) is either £00
or is undefined.

Proof. For each n, P{X, = +n3} = ;1;. Hence,

2n2 "

1

P{XF=n%}>——

{TL n}74n2

or 1
P{X-=n% > —

(possibly both). Suppose the former is true. It follows that
E(X;)) > n®P{X;F =n3}

and so

Similarly, if P{X, = n®} > ;1, then lim, ., E(X,;) = co. Therefore,

4n2>

00 if limy, 00 E(X,]) = 00 and lim,, o E(X,,) < 00
1Lm E(X,) =< —c0 if limy, 00 B(XT) < 00 and lim, o E(X,;) = co
undefined  if lim,, o, E(X,]) = 0o and lim,,_,~ E(X,, ) < occ.
]
Problem 3

Let (,§, P) be a probability space.

Definition 1. Two random variables X and Y are said to be independent pro-
vided that, for any A, B € $B(R),

PIX~'(4)- Y\ (B)] = P(X'(4))- P(Y"\(B)).

Proposition 3. Two random variables X and Y are independent if and only
if, for every pair f and g of non-negative continuous functions on (R, B(R)),

E[f(X)g(Y)] = E[f(X)]E[g(Y)].



Proof. (=) Let f and g be any non-negative continuous functions on (R, B(R)).
Since continuous functions between metric spaces are measurable (Resnick,
3.2.3), f and g are measurable. Since the composition of measurable functions is
measurable (Resnick, 3.2.2), f(X) and ¢g(Y") are measurable. Now, o(f(X)) C
o(X) (since f € B(R)/B(NR)) and o(g9(Y)) C o(Y) (since g € B(R)/B(R)).
Hence, f(X) and ¢(Y') are independent, since X and Y are independent.
Define now Z; = f(X) and Z3 = ¢g(Y). By the above, Z; and Z; are inde-
pendent random variables. Thus, by Fubini’s Theorem (as in Resnick, 5.9.2),

E(Z1Z5) = E(Z1)E(Zs),
but this is precisely

E(f(X)g(Y)) =E(f(X))E(g(Y)).

(<) (Idea) Let a and b be real numbers and take f = 1(g,q) and g = 1(g -
The support of f(X) is {w | X(w) < a} and the support of g(Y) is {w | Y (w)}.
Thus, the measures of the supports are P(X < a) and P(Y < b), respectively.
Using the fact that

E(f(X)g(Y)) = E(f(X))E(9(Y)),
I would like to derive that
P(X<a,Y<b)=P(X <a) PY <b).

Since a and b were arbitrary, we could conclude that X and Y are independent
by the Factorization Criterion (Resnick, 4.2.1). Perhaps this may be accom-
plished by looking at the appropriate approximations of f(X) and ¢(Y) by
simple functions (where the probabilty of the support becomes more evident in
the computation). O

For each n, let X,, and Y, be a pair of independent random variables and
define
lim X, =X and lim Y, =Y.
n—oo

n—oo

Proposition 4. The functions X and Y are independent random variables.

Proof. (Idea) We have, for each n and for all continuous, non-negative f and g,

E(f(Xn)g(Yn)) = E(f(Xn))E(g(Yn))-

If we could switch limits with integrals, we would have
Tim E(f(Xa)g(¥,)) = lim E(f(X,))E(g(Y2))

E(lim f(X)g(V)) =E ( lim f(X,))E ( lim g(v))

E(f(X)g(Y)) = E(f(X))E(9(Y)),

where the last step makes use of the continuity of f and g. Thus, appealing
again to part b, we could conclude that X and Y are independent. I fail to see
how to accomplish the interchange, however, as the X, need not be monotone
nor does there appear to be any bounding function. O



Problem 5

Suppose {px | ¥ > 0} is a probability mass function on (@ = {0,1,2,...},8 =
PB(£2)), where P(-) denotes the power set, so that p, > 0 and >, pr, = 1. Define

for all A C Q,
P(A) =" pr
keA

Proposition 5. The function P defined above is a probability measure on

(€,%9).

Proof. Since py, > 0 for all k, P(A) > 0 for all A C Q.
We have, by definition of the probability mass function,

PQ) = p

keQ
=1

Let {A,} be a countable sequence of disjoint events and let A = [J{4,}. It
follows that

p<[jAn) - pa)
=

keA

[oe)
= Z Z Pk (since the A,, are disjoint)
n=1keA,

=Y P(Ay).
n=1

Define the generating function ¥ : ([0, 1], B[0,1]) — (R, B) via
(oo}
U(s) = Zpksk.
k=0
Proposition 6. The function VU defined above satisfies
U(s) = i\If(s) = ikpkskfl
ds =

for0<s<1.



Proof. Define the function X,, = > ,_, kprps®=1. Observe that 0 < X,, 1+ X,
and so by the Monotone Convergence Theorem

Jm B(X) =E Jim X

nh_)II;OE (i: kpps®~ > (nh_}m Z kpps®~ )

k=1
nh_}rr;o Zpks =E (nll)IrolOkaks 1)
— E (¥
O
Proposition 7. If X has probability measure P, then E(X) = limsq ¥/(s).
Proof. We have,
E(X)= | X(w)dP
Q
- i kP(X = k)
k=0
= Z kpi
k=1
= 151%111 U (s)
O

Problem 6

Let X1, Xo,...,X,, € Ly(P) be random variables defined on a probability space
(Q,5,P). For each i,j € {1,2,...,n}, define the covariances

oy = C(Xi, Xj) = E{[X; — w][X; — p5]},

where
i = E(XZ) and 0'1»2 = 0i; = V(XZ) = E[(XZ — p,l)Q]

Lemma 1. For any random variable X and real numbers a and b,

V(aX +b) = a®V(X).



Proof. Tt follows from the linearity of expectation that,

V(aX +b) = E[(aX +b—E(aX +b))?]
E[(aX +b— aE(X) — b)?]
E[(a(X —E(X)))?]

(a
a’E[(X — E(X))?]
2V(X).

Il
S

Lemma 2. For any random variables X and Y,
V(X +Y)=V(X)+2C(X,Y)+ V(Y).
Proof. Tt follows from the linearity of expectation that,
V(X +Y)=E[(X +Y - E(X) - E(Y))?
(X = E(X)) + (Y — E(Y)))?]
(X — E(X))* +2(X - E(X))(Y - E(Y)) + (Y — E(Y))?]
(

X —E(X))’] + E[2(X - E(X))(Y - E(Y))] + E[(Y — E(Y))?]
(X)+2C(X,Y) +V(Y).

Proposition 8. For alli and j,
Uij S ‘O-’ij| S Uiaj-

Moreover, |o;;| = 0,05 if and only if, for some a and B, we have P{X; =
o+ BXz} =1.

Proof. For all real numbers z, we have z < |z|, so certainly o;; < |oy;].
For the second inequality, let ¢ be a real variable. It follows from the lemmas
that

0 <V[tX; + X;]
= V(tX;) + 2C(X;, X;) + V(X;)
= 0] t2+20mt+0

Viewing this as a non-negative quadratic in ¢, we have that

0> 40 —40220J,

and so
|loij| < oi0;.



For the remaining claim, observe that

2_2
10'

_ 2 2
0= 40'ij —4oj 0]

04| = 0i0; & 0l =0

Hence, V[tX; + X,] has a unique real root ¢o. Now, the variance of a random
variable is equal to 0 if and only if it is constant with probability one. That is,

P{toXZ-I-XJ = a} = 1,

or equivalently
P{XJ = O(—toXi} =1.

O
Proposition 9. For real constants o; and B;, 1 =1,2,...,n,
n n n n
D X} BiX; o =2 > aibioy.
i=1 j=1 i=1 j=1

Proof. Applying linearity of expectation, we have

iaiXi,iﬁij =K (iain) iBJXJ —E{iaiXi}E{
i=1 j=1 i=1 j=1 3
X

i=1j=1
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118] Z O‘zﬁj )
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a;Boij.
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Proposition 10. For real constants a;, i =1,2,...,n,

V{En:aZXZ} :ia?03+2 Z Q0.
=1 i=1

1<i<j<n

=k ZZ%‘B;‘XZXJ‘ _E{Zo‘iXi}E Zﬁj J}
i=1



Proof. By definition, V(X) = C(X, X) for any random variable X. Thus, by
the previous proposition,

\Y {z”: aZ-XZ} =C {z": o; X5, z": ain}
=1 =1 =1
= ZZaiaj(C(Xi,Xj)
i=1 j=1

=S afC(XnX)+2 Y @ CX, X))

i=1 1<i<j<n
n
= ZQZQV(XZ) +2 Z O[iOéjC(XZ‘7Xj)
i=1 1<i<j<n
n
= Za?a? + 2 Z ;005
i=1 1<i<j<n
O
Proposition 11. Let Xq,..., X, be independent random variables. Further-

more, suppose that the constants a; are restricted to belong to [0,1] and must
satisfy i, a; = 1. Finally, letting s =Y 5 o7 ",

\Y {z”: aiXi} > ns 2
i=1

with equality if and only if a; = (0;5)~* for all .

Proof. Since the X; are independent, o;; = 0 for all 7 # j (Resnick, 5.9.2).
Thus, the expression for the variance reduces to

n

A\Y {ZQZX’L} = Z(aiai)Q.

i=1

Now, since we require > ., o; = 1, the variance will be minimized precisely
when all the terms in its summation are equal. To that end, tentatively set
o = 0;1 for all . Thus, a;0; = 1 for all 4, and so all the terms are equal, as
desired. Now,

n n
D =) o
i=1 i=1

= S.



To ensure that the «; indeed sum to 1, we scale them all by a factor of s~ 1.
Thus, we take instead a; = (0;5) ! for all 4. Using these values, we have

n

v {Z%Xz} = Z(@iﬂi)2

i=1

= Z((Uis)_lai)z

n
= E 8_2
i=1

=ns" 2.

Problem 8

For ¢ = 1,2, let (2;,B;, P;) be probability spaces. Define 2 = 7 x Q9 and
B =B, ® By =c(RECTS), where

RECTS = {Bl X By | B1 €93,,B; € %2}
Let P = P; x P, be the product probability measure so that, for By x By €
RECTS, we have P(By x Bg) = P;(B1)P3(B3). Define the class of subsets

<= {B cQ | 1B(W1,WQ)dP(w1,WQ) = Y(wl)dPl(wl)} s
Q Q

where Y (wy) = fQ2 15(w1,ws)dPs(ws).

Proposition 12. The class RECTS is a subset of the class €.

Proof. Let B = B; x By belong to RECTS. We have

[ (e wiPlorwn) = [ aPrw)

B
= P(B).



At the same time, we have
/ 131 w1 132 WQ)dPQ(WQ)dpl(wl)
Q3

/ ].B1 w1 dP2 wg)dpl(wl)

2

/ / 1B wl,wg)dpg(wz)dPl w1
Ql Qz

1

o}

1

131 (w1)P2(BQ)dP1 (wl)

1

P2(B2)dP1 (wl)

(B1)P2(B2)
B).

|
;mm\b\g\b\

Hence, for all B € RECTS,

/ 1p(w1,w2)dP(wy,wa) = Y (w1)dPi(w1),
Q 951

and so RECTS C €. O

Proposition 13. The class € is a A-system.

Proof. We have immediately that Q = Q1 x Q3 € RECTS C €, 50 Q € €.
Next, let B € €. We have

/Qle(wlawz)dP(wwa):/ dP(wy,ws)

= P(B°)
~1-P(B)
=1- /Ql ,/92 1, (w2)dP1(wr) (since B € €)

I
S— 55— 5— 55—

b,
[, o
/ ]‘(Bc)wl (wg)dPl(wl)
1JQ2
/ ]-BC (wl,wg)dpg(wg)dPl(wl).
Qo

Finally, let {B,, | n =1,2,...} be a collection of disjoint elements of €. We

10



have

/1ZZ°:1AndP(w1,w2)=/ dP(wy,ws)
2 % A

n=1*"n

(5)

Qa

/Q /Q > L., (@2)dPr(wr) (by MCT)

2 n=1

:/ / Lz A, (W2)dPr(wh)

Q1 JQo

:/ / 12;’5’:1An(wlaw2)dP2(w2)dP1(W1)-
Q1 J Qs

Therefore, € is a A-system. O

Proposition 14. For every B € ‘B,

[ 15w = [ { 2 Ls(er a)dPa(ea) b dPs (o).

Proof. We have shown RECTS C € and that € is a A-system. If we can
show also that RECTS is a mw-system, then Dynkin’s Theorem gives B =
o(RECTS) C €, from which the conclusion follows.

To finish the proof, let By x By and Bf x B} belong to RECTS. Tt follows
immediately that

(By x B2) N (B, x B}) = (BiNB}) x (By N BY).

Since B and 9B, are closed under intersections, BiNB] € B, and BoNB, € B,
and so (By N BY) x (BoNB}) € RECTS. O

To establish the more general result where 1 in part c is replaced with
any B-measurable positive random variable X, we first establish the result for
simple functions of the form X, = Z?:l a;lp,, where B; € B for all . The
result for simple functions follows readily from the linearity of the integral. Since

each X, is positive, we can take a sequence X,, T X. By hypothesis,

/QXn(wlv('UQ)dP(wlva) :/ﬂl{ o, Xn(w17w2)dp2(wz)}dpl(w1)

11

= Z/ / L(a,)., (W2)dPi(w:) (since A,, € € for all n)
Q



for all n. Applying the Monotone Convergence Theorem, we can conclude that
/ Xn(wl, CUQ)dP(wl,LJQ) T / X(wl, (JJQ)dP(wl, LUQ)
Q Q
and
/ { Xn(CU1,(U2)dP2(WQ)}dP1(W1) T { X(wl,WQ)dPQ(WQ)}dpl(wl),
Ql QQ Q1 Q2
from which it follows that

AX(WI’W2)dP(W17w2) :/Ql{ QQX(wl,w2)dP2(w2)}dPl(wl)-

Problem 10

Suppose that X and Y are independent random variables and let h : R? —
[0, 00) be a measurable function such that E{h?(X,Y)} < oo. Define

g(z) = E{h(z,Y)} and k(z) = V{h(z,Y)}.
Proposition 15. The functions g and k are both measureable on R — R.

Proof. Define h(z,w) = h(x,Y (w)). Since h and Y are measurable, h is mea-
surable, as it is defined by the composition of two measurable functions. Hence,
we can take a collection {h,} of simple functions with h, 1 h. Define now
gn(z) = [q hn(z,w)dP(w) for n = 1,2,.... By the Monotone Convergence
Theorem, g, T g. To conclue that g is measurable, it remains to show that each
gn is simple. To that end, observe that

gn(x) = /Q hin (2, w)dP(w)

k
= /sz;alej (2, w)dP(w) (constants a; and {A4,} a partition of R)
k
=3 [ajtaeap) by MOT)
j=1"9
k
=3 [ asta, @)1, @)iP)
j=1"79
k
= a;P(A))1a,(x),
j=1

and so g, is simple.

12



For k(z), we have

k(x) = V(h)
=E(h?) — E(h)?
=E(h*) - ¢*

Now, since h is measureable, h? is measurable. Following the same argument
as above, we find that E(h?) is measurable, and so k is measurable. O

Proposition 16. For g and h as defined above,
E{g(X)} = E{n(X,Y)}.

Proof. Suppose X is a random variable on 2 with probability measure P; and
Y is a random variable on s with probability measure P,. Finally, let P be
the probability measure on Q2 = Q7 x 9 induced by P; and P,. In order to
make use of Fubini’s Theorem later in the proof, we must establish first that
P = P, x P,. To that end, observe that for any measurable sets A C €; and
B C Q,

P(AX B) :/ 1A><BdP
Q

:/ 14-1pdP
Q

= / 14dP / 1gdP (since X and Y are independent)
Q Q

/91 1A(w1)dP1(w1)'/ 1p(w2)dPe(w2)

Qo
~ P(4)- Py(B).

mwmzﬁgumwam>
_ / (X (1), Y (ws))dPs(w2)dPi (1)
Q, JQo

= / h(X (w1),Y (ws))dP(wy,ws) (by Fubini’s Theorem)
Q

= E(h(X,Y)).

Proposition 17. For g, h, and k as defined above,

Vig(X)} + E{k(X)} = V{A(X,Y)}.

13



Proof. We have

V(g(X)) + E(k(X))

- [ ax(eyan e - / lg<X<w1>>dP1<w1>]2 + [ KX )iRG)

/Ql (X (w1))? + k(X (w1))dPy (wy) — [/Ql g(X(wl))dpl(wl)]Z

J,
J,

E(A(
V(h

(/Q h(X (w1),Y (w ))dPQ(wz))2+/Q h(X (w1), Y (w2))2dPy(w2)

h(X ))dPa(ws > dPy (w [ / / ))d Py (w2)d Py (w )r

(L,
/Q h(X (w1),Y (w2))?dPy(ws)d Py (wy) { / / ))dP; LL;Q)dPl(M)}2
)?) = E(h(X,Y))?

WX, Y
(X,Y)).

14



