
Graph Theory Recital

1. Prove there is a connected graph having m vertices of odd degree and
n vertices of even degree if and only if m is even.
Hint: We have already shown one direction (but prove it again for
fun). For the other direction, see if you can construct a connected
graph having m vertices of odd degree and n vertices of even degree
where all you know is that m is even.

2. Draw all nonisomorphic 4-regular graphs having 7 vertices. (There are
three of them.)
Hint: Start with the figure below. How can you include the rest of the
edges in ways that give graphs of different structure?

3. Prove that the unique (n, 4)-cage is Kn,n for any n.
Hint: Start with a single vertex connected to n other vertices (since the
graph must be n-regular). Add vertices only as needed to avoid having
girth less than 4.

4. Prove there are m2m−1 labeled spanning trees of K2,m.
Hint: Every spanning tree of K2,m has a single vertex of degree 2 within
the m-set (why?). How many ways can this vertex be chosen? How
many ways are there to build the rest of the tree?

5. Prove that if G is critical with χ(G) = 4, then the degree of each vertex
is at least 3.
Hint: Try a proof by contradiction. To do so, assume that G is critical
with χ(G) = 4, but that there is some vertex with degree at most 2.
From here, arrive at a contradiction (namely, that χ(G) 6= 4).



6. Prove that any coloring of the edges of K6 with two colors contains at
least two monochromatic (i.e. uniformly colored) K3’s. (The K3’s are
allowed to have some (but not all) vertices and edges in common. It is
also permissible for one of the K3’s to be red and the other blue.)
Hint: Since R(3, 3) = 6, you already know that you will get one
monochromatic K3. When you try to put in the remaining edges while
avoiding a second monochromatic K3, you’ll find out that it can’t be
done.


