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Introduction

My expertise falls primarily into the categories of enumerative, probabilistic,
and graph theoretic combinatorics. My undergraduate and master’s level study
under Dr. Thomas Porter at Southern Illinois University resulted in a publi-
cations on counting nonisomorphic spanning trees of complete graphs [5] and
a generalization of the Stirling numbers of the second kind [14]. My Master of
Science thesis [13] extended the work of the first paper to algorithmically par-
tition the spanning trees of an arbitrary graph into isomorphism classes. In the
interest of brevity, I will not give any more detail about these older projects.

For the past two years, I have been working closely with Dr. Linyuan Lu
and Dr. László Székely at the University of South Carolina exploring the lop-
sided Lovász local lemma with regard to both its theoretical foundation and its
application to various problems in probabilistic combinatorics. The original ver-
sion of Erdős and Lovász [6] is a powerful tool for proving the existence of rare
combinatorial objects in contexts where the majority of events are independent.
Indeed, the technique is so fundamental to probabilistic combinatorics that it
receives its own chapter in the de facto standard text by Alon and Spencer
[1]. A key limitation of the lemma’s original formulation is the requirement of
independence among the random events. The “lopsided” version of the lemma
appears in a paper by Erdős and Spencer [7] and generalizes the original by
relaxing this requirement to that of negative dependence while still obtaining
the same conclusion. Initially, the Lopsided Lemma saw little use, primarily
due to the difficulty of detecting negative dependence among random events.
Lu and Székely [11] provide a framework within which many settings for nega-
tive dependent events arise naturally. Herein, I will briefly discuss preliminary
results in which I have played a substantial role, as well as future directions for
further research into this powerful and underutilized lemma.

The Lopsided Lovász Local Lemma

Given a collection {Ai | i ∈ [n]} of events ([n] is used to denote the set
{1, 2, . . . , n}), a negative dependency graph is a simple graph with vertex set
[n] (the set of names of the events) satisfying, for each vertex i and any collec-
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tion S of non-neighbors of i,

Pr

Ai
∣∣∣∣∣∣
∧
j∈S

Aj

 ≤ Pr (Ai)

(provided the conditional probability is well-defined).
The negative dependency graph is a convenient way to organize information

about possible dependencies among the events. For example, suppose we want
to know the relationship between the event A1 and some other events in our
collection. If there is an edge between A1 and another event, the graph contains
no information about their relationship. If we consider a collection of non-
neighbors of A1, however, the graph tells us that conditioning on the event that
none of those non-neighbors occurs will reduce the probability that A1 occurs
(provided, of course, the conditional probability is well-defined). The utility of
the notion of negative dependency graph lies in the observation of Erdős and
Spencer [7] that the displayed inequality, while more general than independence,
is sufficient to guarantee the same conclusion as the original local lemma.

Lemma 1 (Lopsided Local Lemma - Erdős, Spencer, 1991). Let {Ai | i ∈ [n]}
be a collection of events having negative dependency graph G.

If there are real numbers xi ∈ [0, 1) such that, for all i,

Pr (Ai) ≤ xi
∏

ij∈E(G)

(1− xj),

then

Pr

(
n∧
i=1

Ai

)
≥

n∏
i=1

(1− xi) > 0.

As with the original local lemma, the lopsided version allows one to give a
lower bound for the probability that no event in the collection occurs (provided
one can establish a negative dependency graph and appropriate choices for the
numbers xi).

To present an example, define a hypergraph H as a set V (H) (called vertices)
together with a collection E(H) of subsets (called edges) of V (H). A proper
2-coloration of a hypergraph H is a function c : V (H) → [2] such that, for
each edge e ∈ E(H), the restriction c|e is nonconstant. Erdős and Lovász [6]
originally used the local lemma to prove the existence of a proper 2-coloration
of certain hypergraphs. In this application, each edge e of the hypergraph
corresponds to the undesirable event that the edge is monochromatic (i.e c|e is
constant). The event

∧
e∈E(H)Ae is therefore precisely the event that no edge of

the hypergraph H is monochromatic. Under appropriate conditions, the local
lemma concludes Pr

(∧n
i=1Ai

)
> 0, which is to say that a proper 2-coloration

of the hypergraph H exists indeed.

2



Statement of Research Austin Mohr

Random Hypergraph Matchings

The bulk of my work centers around the space of random matchings of the
complete k-uniform hypergraph on N vertices (i.e. the hypergraph with edge set
{A ⊆ [N ] : |A| = k}), commonly denoted Kk

N . A matching M in a hypergraph
is a collection of pairwise vertex disjoint edges. A matching is maximal if no
strictly larger matching contains it. Let ΩkN be the uniform probability space
over all maximal matchings of Kk

N .
Given a matching M in Kk

N , we will be interested in the canonical event AM

containing all maximal matchings that extend M . More precisely,

AM = {M ′ ∈ ΩkN |M ⊆M ′}.

We will say that two matchings conflict if they have edges that are neither
identical nor disjoint. Two canonical events conflict whenever the matchings
used to define them conflict.

Given a collectionM = {M1, . . . ,Mn} of matchings (or other combinatorial
objects, as we will see later), the conflict graph for the collection {AM |M ∈M}
is the simple graph with vertex set [n] and edge set {ij |Mi,Mj are in conflict}.

Theorem 1 (Lu, Mohr, Székely, 2013). Let M be a collection of matchings in
Kk
N . The conflict graph for the collection of canonical events {AM | M ∈ M}

is a negative dependency graph for the probability space ΩkN .

The preceding theorem allows one to specify the collectionM of undesirable
matchings of Kk

N and invoke the lopsided local lemma to place a lower bound
on the probability that a random maximal matching avoids all these matchings
simultaneously. Notice there is, in general, considerable dependence among the
canonical events, so the original local lemma would not apply.

A similar approach can be employed to obtain an upper bound on the prob-
ability of avoiding the matchings ofM that is asymptotically equal to the lower
bound. For events A1, . . . , An and ε ∈ (0, 1), an ε-near-positive dependency
graph is the graph G with vertex set [n] satisfying

• Pr(Ai ∧Aj) = 0 if ij ∈ E(G) and

• for each vertex i and any collection S of non-neighbors of i,

Pr

Ai
∣∣∣∣∣∣
∧
j∈S

Aj

 ≥ (1− ε) Pr (Ai)

(provided the conditional probability is well-defined).

As with a negative dependency graph, an ε-near-positive dependency graph
organizes information about dependencies among the events. In the spirit of
the lopsided local lemma, the following theorem provides an upper bound for
Pr
(∧n

i=1Ai
)
.
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Theorem 2 (Lu, Székely, 2012+). If A1, . . . , An are events with an ε-near-
positive dependency graph, then

Pr

(
n∧
i=1

Ai

)
≤

n∏
i=1

[1− (1− ε) Pr(Ai)].

Combined with the lopsided local lemma and considerable technical work, I
obtained an asymptotic expression of Poisson type for the probability that one
avoids a given collection of matchings in a complete uniform hypergraph.

Theorem 3 (Mohr, 2012+). Let us be given a complete uniform hypergraph on
N vertices and consider the uniform probabilty space of its maximal matchings.
For a suitably restricted (details here omitted) collection M of matchings, we
have

Pr

( ∧
M∈M

AM

)
∼ exp

(
−
∑
M∈M

Pr
(
AM

))
as N tends toward infinity.

Small Cycles in Hypergraphs

One of the original motivations for studying collections of maximal matchings
stems from its application to the configuration model of Bollobás [2], which
allows one to project a perfect matching of a certain collection of points to
a (multi-) hypergraph. For simplicity, I will describe here only the d-regular
configuration, with which we will be henceforth concerned.

1. Let U be a set containing nd distinct mini-vertices partitioned into n
classes each of size d. The ith such class will be associated with the vertex
vi in the hypergraph H after identifying its elements through a projection.

2. Choose a random perfect s-matching M of the mini-vertices in U uni-
formly.

3. Each edge of M is a collection of s minivertices, each corresponding to
(not necessarily distinct) partition classes with indices i1, i2, . . . , is. For
all such edges of M , add the edge {vi1 , vi2 , . . . , vis} to H.

For an example, let U = {x1, y1, z1, x2, y2, z2, x3, y3, z3}, where the parti-
tion classes correspond to the vertices v1, v2, and v3 in the natural way. If
M = {{x1, y1, x2}, {y2, x3, y3}, {z1, z2, z3}}, then the 3-regular, 3-uniform multi-
hypergraph H resulting from projection has edge set

E(H) = {{v1, v1, v2}, {v2, v3, v3}, {v1, v2, v3}}.

I have applied my results on maximal matchings to the configuration model
to obtain an asymptotic expression for the number of regular, 3-uniform hy-
pergraphs avoiding loose cycles of small size. (Disregarding degenerate cases, a
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loose cycle of size t is a collection of edges e1, . . . , et that are disjoint save for t
distinct vertices v1, . . . , vt satisfying vi ∈ V (ei) ∩ V (ei+1) for 1 ≤ i ≤ t, where
we regard et+1 as e1.)

Conjecture 1. In the configuration model, assume d ≥ 3 and

[(s− 1)(d− 1)](s−1)(g−1)g6 = o(n).

The probability that the random d-regular, s-uniform multi-hypergraph has small-
est loose cycle of size at least g ≥ 1 is

(1 + o(1)) exp

(
−
g−1∑
i=1

[(s− 1)(d− 1)]i

2i

)
,

and hence the number of d-regular hypergraphs on n vertices with smallest loose
cycle of size at least g ≥ 3 is

(1 + o(1)) exp

(
−
g−1∑
i=1

[(s− 1)(d− 1)]i

2i

)
(dn)!

(s!)dn/s
(
dn
s

)
!(d!)n

.

(The case g = 3 means that the random d-regular multi-hypergraph is actually
a simple hypergraph.) Furthermore, the number of d-regular hypergraphs not
containing loose cycles whose length is in a set C ⊆ {3, 4, ..., g − 1}, is

(1+o(1)) exp

(
1− d− [(s− 1)(d− 1)]2

4
−
∑
i∈C

[(s− 1)(d− 1)]i

2i

)
(dn)!

(s!)dn/s
(
dn
s

)
!(d!)n

.

The preceding conjecture has been verified in the case where s = 2 (i.e. the
case where the hypergraph is actually a graph) [11] and s = 3 [Mohr, 2012+].
Moreover, the 2-uniform case agrees with results of McKay [12] and Wormald
[16] without the need for specialized techniques while also allowing g to grow
slowly with n.

At the time of this writing, I am working through the details to allow for
arbitrary s-uniform hypergraphs. I am also pursuing the changes necessary to
work with alternative cycle types such as Berge cycles and tight cycles. There is
also the possibility of extending the results in the direction of excluded balanced
subgraphs (a certain class of graphs that includes cycles as a special case) as
Dr. Lu, Dr. Székely, and I [9] have done in the 2-uniform case.

Matching Hosts

A hypergraph H is a matching host if one can replace “Kk
N” with “H” in The-

orem 1 (i.e. the conflict graph for a collection of matchings in H is a negative
dependency graph). A complete characterization of matching hosts would be of
considerable interest to anyone wishing to apply the lemma to a specific problem
instance. For general k-uniform hypergraphs, I have shown that any complete or
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complete multipartite hypergraph is a matching host. Specializing to 2-uniform
hypergraphs (i.e. graphs), I have characterized the matching hosts as the class
of graphs that can be built from copies complete and complete bipartite graphs
(on partite sets of equal size) using a few simple rules governing their combina-
tion. The class of 3-uniform matching hosts is already considerably richer, and
there remains much to study about this class of graphs.

The problem of determining the 2-uniform matchings hosts was aided con-
siderably by a serendipitous connection to the work of Sumner [15] on randomly
matchable graphs. (A graph G is randomly matchable if every partial matching
of G is contained in a perfect matching.) In particular, Sumner characterizes
the randomly matchable graphs as precisely the complete and complete bipar-
tite graphs (on partite sets of equal size), which serves as a first step in the
construction of 2-uniform matching hosts. There is currently nothing known
about randomly matchable graphs of even 3-uniform hypergraphs. Exploration
of this topic is will be relevant to the problem of characterizing more general
matching hosts.

Set Partitions

Inspired by the work on hypergraph matchings, I conjectured the conflict graph
in the space of random set partitions (with “canonical event” defined to be the
collection of all full partitions extending a given partial partition) is a negative
dependency graph. As set partitions are a classical and well-studied object,
it would be exciting indeed to bring them into the purview of the (relatively)
modern lopsided lemma. Unfortunately, there are easy (somewhat degenerate)
counterexamples to the conjecture as originally stated, so additional assump-
tions are needed. I have a several results in this direction, the most general of
which is the following.

Theorem 4 (Mohr, 2012+). Let P be a collection of partial partitions of an
N -element set such that, for all P ∈ P, every block of P has size at least ln(N).
For sufficiently large N , the conflict graph for the collection of canonical events
{AP | P ∈ P} is a negative dependency graph.

As an aside, a special case of the conjecture suggests the (still unproven)
inequality

BN−m

k∑
i=1

(−1)i+1

(
k

i

)
BN−i·m ≤ BN

k∑
i=1

(−1)i+1

(
k

i

)
BN−(i+1)·m,

for any k, m, and N ≥ (k + 1)m, where BN denotes the N th Bell number. I
have verified the inequality asymptotically in N for small fixed values of m and k
with Maple using a modification of the Moser-Wyman formula by Canfield and
Harper [4], but the identity appears to hold for all values of its various param-
eters. The inequality being very tight, I expect its resolution to involve precise
analytic methods or (more to my liking) an elegant and insightful combinatorial
argument.
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Permanent of Doubly-Stochastic Matrices

The permanent of an n× n matrix A = (ai,j) is the sum

per(A) =
∑
σ∈Sn

n∏
i=1

ai,σ(i),

where Sn denotes the group of permutations of [n]. Dr. Lu, Dr. Székely and
I [10] demonstrate a strong connection between the lopsided lemma and the
permanent of a doubly-stochastic matrix (i.e. a matrix in which every row sum
and column sum is 1). Given such a matrix, one can define a random variable
Xi for each row i that selects the jth entry of that row with probability ai,j .
For each random variable, define Bi to be the event that Xi = Xj for some
i 6= j. A selection of entries contributes to the permanent precisely when it
satisfies all the events Bi simultaneously, which makes it amenable to analysis
by the lopsided lemma. We conjectured in the aforementioned paper that the Bi
events formed an edgeless negative dependency graph. Quite recently, Gurvits
[8] provided a explicit counterexample in the form of a 120×120 matrix. In light
of this development, there are several avenues to be pursued. Firstly, analysis of
Gurvits’ counterexample may shed light on to precisely what causes the original
conjecture to fail. In addition, the conjecture may hold as stated for matrices
of smaller size. Finally, there is a strong possibility that a modification of the
random variables or events will allow for a successful permanent bound via the
lopsided lemma.

Miscellaneous Negative Dependency Graphs

Dr. Lu, Dr. Székely, and I [10] have established two other intriguing instances
of negative dependency graphs. The first is of interest because of its peculiar
nature and the second because of its general nature.

A forest is a cycle-free graph, and a spanning tree of a graph G is a connected
forest whose vertex set is all of V (G). Given a forest F in a complete graph,
define the canonical event AF as the collection of all spanning trees containing F
and say two forests conflict if they possess components that are neither identical
nor disjoint.

Theorem 5 (Lu, Mohr, Székely, 2013). Let F be a collection of forests in a
complete graph. The conflict graph for the collection of canonical events {AF |
F ∈ F} is a negative dependency graph.

This example is particularly striking because, in contrast to the space of
matchings, the forest F conflicts with every member of its canonical event.
Finding more negative dependency graphs of this type is certain to be enlight-
ening.

In a distributive lattice (L,≤), a set C is upward closed if it satisfies

(a ∈ C and a ≤ b)⇒ b ∈ C.
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Given a subset Y of a distributive lattice, define the canonical event AY as the
collection of all upward closed sets containing Y .

Theorem 6 (Lu, Mohr, Székely, 2013). Let Y be a collection of subsets of a
distributive lattice. The graph with vertex set {AY | Y ∈ Y} is an edgeless
negative dependency graph.

General statements of this type are of considerable interest in developing a
unified theory on the subject of negative dependency graphs.

Summary and Future Work

The lopsided local lemma is only beginning to manifest its power as a tool
for asymptotic analysis in probability spaces of weakly correlated events. As
demonstrated by the space of random hypergraph matchings, it can be used to
derive asymptotic enumeration results rivaling those of more specialized meth-
ods. Perhaps more exciting is its potential role as a single framework for use
in probability spaces concerning wildly disparate objects (e.g. matchings, set
partitions, trees, lattices, etc.).

In the immediate future, I will seek specific new instances of negative de-
pendency graphs while simultaneously developing a unified approach to their
construction. In addition, I will widen the scope of this research to include new
applications of the lopsided local lemma in combinatorics, computer science,
statistical mechanics, and more. The renowned power of the local lemma com-
bined with its wide applicability across disciplines ensures continued research
will be strongly connected in the academic community and highly valued by
funding agencies.

Outside of the local lemma, I plan to return to some of the remaining open
problems from my work on spanning trees and Stirling numbers of the second
kind. A relatively recent extension [3] of my Master of Science thesis suggests
that an asymptotic formula for the number of unlabeled spanning trees of the
complete bipartite graph may be within reach. The skill I have developed in
analytic techniques under Dr. Székely’s tutelage will serve me well in such an
endeavor. For Stirling numbers of the second kind, Dr. Porter long ago sug-
gested the problem of determining a recurrence for the case that the ground set
of the partitions is arranged on a cycle instead of a line. Without belaboring the
details, suffice to say that such a change makes the typical induction argument
wholly ineffective, so further study into this case will yield greater insight into
the already well-studied Stirling numbers of the second kind.

I plan also to bring my knowledge of combinatorics to bear on other areas
of research to which I was exposed during my time at the University of South
Carolina. Dr. Peter Nyikos introduced me to the fascinating study of infinitary
combinatorics as part of a course on set theoretic topology, and I have greatly
desired to give a more serious look at open problems in the field. I have also
spent the past three years working with Dr. Debra Geddings in mathematics
education, and the study of effective mathematics instruction has since become
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a passion of mine. As pertains to combinatorics, I am interested in the use of
elementary combinatorics as a tool for developing mathematical thinking for
both introductory mathematics students as well as undergraduate mathematics
majors transitioning into proof-writing and higher mathematics.

In closing, I believe my current work on the lopsided local lemma, open
problems from my past studies, a variety of interests outside combinatorics, and
general enthusiasm for mathematics research provide ample evidence that my
career as a researcher is primed for success in both the short and long term.
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[6] P. Erdős and L. Lovász, Problems and results on 3-chromatic hypergraphs
and some related questions, in Infinite and Finite Sets, A. Hajnal et. al.,
Eds., Colloq. Math. Soc. J. Bolyai 11, North Holland, Amsterdam, (1975),
609–627.
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