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Core Homework

1. The n-dimensional hypercube Qn is a simple graph whose vertex set is {(x1, . . . , xn) |
xi ∈ {0, 1}}. Two vertices are adjacent in this graph if and only if they agree in
exactly n − 1 coordinates. Prove that Qn has a Hamiltonian cycle for n ≥ 2. (Hint:
Use induction on n and the fact that Qn contains two distinct copies of Qn−1.)

2. The distance d(x, y) between two vertices x and y of the graph G is defined as the
number of edges in the shortest path from x to y. For every vertex v ∈ G, define

td(v) =
∑
w∈G

d(v, w).

In other words, td(v) measures the total distance of v from all vertices of G. Now
define the center of G as the set of vertices v for which td(v) is minimal. Prove that
if G is a tree, then the center of G consists of either a vertex or two adjacent vertices.
(Hint: Rule out the case where the center contains three or more vertices and the case
where it contains two non-adjacent vertices.)

3. The chromatic polynomial p(x) of a simple graph G is the number of ways to properly
color G using up to x colors, where x is a positive integer. Let Km,n be the bipartite
graph with vertex set [m]∪ [n] obtained by connecting each vertex of [m] to each vertex
of [n]. Find the chromatic polynomial of K3,3. (Hint: The “left” set of three can be
colored using one, two, or three colors. In each case, how can the “right” set of three
be colored?)

One Per Student

1. How many distinct Hamiltonian cycles does Kn,n contain? (Hint: Count every possible
cycle and divide away the repetitions resulting from flips and rotations.)

2. Let G be the union of k disjoint cycles, each of length r. How many automorphisms
does G have? (Hint: First order the r cycles, then orient each cycle. In how many
ways can these actions take place?)

3. Find the smallest tree with at least one edge that has no non-trivial automorphisms.
Prove your tree is indeed the smallest possible. (Hint: Can such a tree exist if all
vertices have degree 1 or 2?)

4. For a graph G, let ν(G) denote the size of a maximum matching. A set of vertices S of
G is called a vertex cover if all edges of G have at least one of their vertices in S. Let



τ(G) be the size of the smallest vertex cover of G. Prove that in any bipartite graph G,
the equality ν(G) = τ(G) holds. (Hint: First prove ν(G) ≤ τ(G) for any simple graph
G. For the claim about bipartite graphs, use induction on the number of vertices.)

5. A set S of vertices of G is called an independent set if no two vertices of S are adjacent
in G. For a graph G, let α(G) denote the size of a maximum independent set. A
set of vertices T of G is called a vertex cover if all edges of G have at least one of
their vertices in S. Let τ(G) be the size of the smallest vertex cover of G. For any
simple graph G on n vertices, prove that α(G) + τ(G) = n. (Hint: Prove two separate
inequalities: n − τ(G) ≤ α(G) and n − α(G) ≥ τ(G). Combine these to reach the
desired conclusion.)


