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Abstract

Given a polygonal art gallery of n vertices, how many security guards
are necessary to safely guard the art within? This paper develops a strat-
egy determining that no more than bn/3c guards will be necessary for an
art gallery of any shape or size. The topic of triangulation will be intro-
duced and developed into the concept of creating convex fans from these
triangles. These strategies will help to answer our initial question, and
from there a similar, three-dimensional case may be considered.

1 A Naive Attempt

To begin, before we have any background, let us attempt to cover our
art galleries with guards. For our purposes, guards are able to see in all
directions, and are able to see up to the furthest wall, but cannot move.
Given the following polygons that represent our art gallery floor plans, we
note that there are many configurations of guards.

Notably, we see that we are always able to cover the entire polygon, and,
by extension, the entire floor plan, by placing a guard at each vertex.
Thus, our best guess at this point for the number of guards needed to cover
any polygon of size n is simply n guards. However, this number may be
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greatly improved using techniques in the following sections. Specifically,
we will begin by introducing the concept of triangulation and will expand
on that idea to discuss convex fans. Finally, we will attempt to extend
the problem into the third dimension by attempting to guard polyhedra.

2 Triangulation

The first approach we will take to decrease our required number of guards
will be triangulation.

Definition 1. A triangulation of a polygon is the decomposition of that
polygon into triangles using non-crossing diagonals.

Of course, proving that every polygon has a triangulation, in general,
would be ideal, since polygons on n vertices of any shape or size are being
considered.

Theorem 1. Every polygon has a triangulation.

Proof by Induction. Consider the base case - a polygon of 3 vertices. As
we know, this is already triangulated, so the base case is proven. Next,
for the induction step, assume that every polygon of n vertices has a
triangulation. Then we must show that every polygon of n + 1 vertices
has a triangulation. Consider some pair of two vertices that only have one
vertex between them, we will draw a diagonal. This idea is shown here,
with an arbitrary polygon of n vertices.

This removes one vertex, and the resulting polygon P ′ only has n vertices
remaining. Therefore, by the inductive hypothesis, P ′ can be triangulated,
and so can P , since it is simply P ′ with one more triangle appended.

At this point, we know that all polygons may be triangulated, so a
reasonable question could be: “Why not place one guard within each
triangle created?” In such a case, we would need n − 2 guards to cover
a polygon of n vertices. In response, we definitely could, but we can do
a bit better. However, if we place guards at vertices of these triangles,
we may note that one guard is able to cover more than one triangle. The
difference is shown below.
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Notably, the number of guards is cut down from twelve to four in this case.
Convex fans will attempt to make the most of this fact - that guards can
cover more than one triangle, and it would be more efficient to attempt
to break up shapes in such a manner.

3 Convex Fans

For our purposes, convex fans are simply groups of triangles within
polygons that share a single vertex. There are a great deal of different
combinations of convex fans we can create in each of the shapes we have
shown so far, but shown here are two examples of polygons that can be
guarded with one guard at the appropriate location.

As we can see, we could triangulate each of the above polygons with a
diagonal to the base point. This is the ideal case, as both of these shapes
would only require a single guard. Before we attempt to apply this to our
art galleries, though, let us break down this idea of convex fans to cases
on fewer vertices. Consider the cases below:

Note that all can be made into a single convex fan. However, consider the
case of n = 6 shown below.
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No matter the attempt, it is impossible to cover this polygon with only
one guard. Regardless of where the guard is placed, there is always some
small section out of view. This is what motivates us to claim that bn/3c
cameras are sufficient for all polygons, and needed for some. Equivalently,
using the language of convex fans:

Theorem 2. Any polygon of n vertices can be triangulated into bn/3c
convex fans.

3.1 A Lemma

Before we prove the theorem previously stated, we need to cite a lemma
that will be used in the proof. The proof of the lemma is carried out in
full by Chvátal along with the original proof of the art gallery problem,
and a sketch will be given below [2].

Lemma 1. For any polygon of n ≥ 6 vertices, a diagonal exists which
can remove 4, 5, or 6 edges.

Proof Sketch of Lemma. As we have already shown in our proof of trian-
gulation, a diagonal, d, can cut off at least two edges from any polygon.
Thus, define the case of at least four edges to be the minimum case.

We may name the vertices that are removed 0, 1, . . . , k for k edges re-
moved by d. In addition, the diagonal, d, must be the base for some
triangle with an apex at point t for t ∈ (0, k). Then, using the mini-
mum case of k = 4, we get t ≤ 3 and k − t ≤ 3 by considering both sides
of point t. We can then add these two inequalities to find the result, k ≤ 6.

Thus, we will consider the cases of k = 4, 5 and 6.

3.2 Proving Number of Convex Fans

With our lemma in hand, we will now attempt to prove Theorem 2. To
prove this statement, we will use the lemma from above, and will use
induction to show that in each case considered in the lemma, the resulting
polygon only contributes one additional convex fan - this is based on
Chvátal’s original proof [2].

Proof of Theorem 2. We will prove using induction, thus for our base case
of n < 6, we note that, by observation, we can triangulate any polygon
of n = 3, 4 or 5 with just one convex fan. Thus, for n < 6, the base case
holds. For the inductive step, and for cases of n ≥ 6 we want to show
that any polygon, P , can be split up into bn/3c convex fans.

We will assume polygon, P ′ can be split up into bn/3c − 1 convex fans
for the inductive hypothesis. In addition, we would like to cut off sets of
vertices, ideally of sizes we can handle, so now we will invoke the lemma.
Since a diagonal removes 4, 5, or 6 sides, then we will assume that g is
a polygon of size n = 5, 6, or 7 (since the diagonal must be considered
a side), and we will show that g contributes only one convex fan to the
remainder of the polygon.
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Using our lemma, there are three cases to consider:

• Case 1, 5-gon: We already know this can be made into one convex
fan, since a 5-gon is a member of the base case. Adding this back to
P ′ gives us bn/3c − 1 + 1 = bn/3c convex fans.

• Case 2, 6-gon: There are two distinct ways in which this can be
diagonalized into a convex fan. Either g is one convex fan, or it gives
another“fanblade” to a fan in P ′. In both cases, P is partitioned into
P ′ + 1 = bn/3c − 1 + 1 = bn/3c convex fans.

• Case 3, 7-gon: There are three distinct ways in which this can be
diagonalized into a convex fan. Either g is one convex fan, or it
gives a “fanblade” to one of two fans in P ′. In all three cases, P is
partitioned into P ′ + 1 = bn/3c − 1 + 1 = bn/3c convex fans.

Therefore, in all cases, the polygon can be split into bn/3c convex fans.

In conclusion, for any polygon on n vertices, we know that the entire
space may be guarded by, at maximum, bn/3c. As we have shown, this
maximum number of guards will be sufficient for all polygons, and neces-
sary for some. However, this maximum will not always be attained. This
is most easily observed in any convex polygon, as one guard will always
be sufficient.

4 Extension Into Third Dimension

From here, we will attempt to take the same argument we made using tri-
angulation of polygons into the third dimension. Ideally, we would like to
show that all polyhedra can be tetrahedronalized (split into tetrahedra),
then use these tetrahedra in a similar manner as we used the triangles
before, that is, by placing one guard in each tetrahedra and then further
developing our strategy.

However, we are not exactly allowed to make such an argument. There
are many shapes that are not tetrahedronizable, with the simplest being
the Schönhardt Polyhedron, shown below [6].

In this case, each vertex is connected to four others, but to create a
tetrahedron it would be necessary to draw a diagonal outside the bounds
of the shape. In some situations, this would not be a problem, but since
we desire to guard the inside of the shape, we must rule this case out.
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This means that placing a guard at each vertex in some polyhedron will
still not cover every location within that polyhedron. In addition, there
are other, more complex polyhedra such as the Thurston Polyhedron [4]
and the Chazelle Polyhedron [1] which are not tetrahedronizable. This
indicates that we can not make any statements about polyhedra being
split up into tetrahedra, and we can not make general statements about
how to guard a polyhedron on n vertices.

5 Further Work

At this point, there is a great deal more work that could be done. The
most logical first step would be to look into an alternate proof that a
polygon can be triangulated into bn/3c convex fans outlined by Do [3].
This proof uses graph coloring to create the convex fans, but functions in
the same manner as the proof shown above.

Another route we could take would be to discuss the changes that
would occur if the cameras could move. It would be interesting to deter-
mine if the amount of guards would decrease, in general, when accounting
for the movement of the guards.

On a similar note, it would be interesting to answer the question:
what if we do not trust the guards, and have a second set of guards that
is trying to guard the first set? This problem would change depending on
the stipulations given to the motion of both sets of guards, and could get
very difficult very quickly.

For even more interesting problems, or for some more in-depth proof
strategies, consult the resources listed below, specifically the O’Rourke
book [5] and the article by Do [3].
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